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XIX. On the Algebraic Expression of the number of Partitions of which a given number
is susceptible. By Sir J. F. W. Herscuewr, Bart., K.H., F.R.S.

Received April 18,—Read May 16, 1850.

(1.) BEFORE entering on the investigation which forms the object of this commu-
nication, it will be necessary to recall to recollection some general properties of the
differences of the powers of the natural numbers, or of the numbers comprised in the
general expression A™ 0", which I have elsewhere demonstrated, as well as to establish
certain preliminary theorems by the aid of those properties, which will be useful in
the progress of the inquiry. I shall employ throughout the separation of the symbols
of operation from those of quantity, as respects A and 0, in the manner followed
in my paper “On the Development of Exponential Functions,” published in the
Philosophical Transactions, vol. cvi. p. 25 (1816), and further extended in its appli-
cation in my “ Collection of Examples of the Applications of the Calculus of Finite
Differences,” appended to the translation of Lacroix’s Differential and Integral Cal-
culus in 1820%, to which paper and collection the reader is referred for the demon-
stration of the fundamental properties in question.
(2.) Denoting by F(z) any series of powers of «, such as
F(x)=Ax"+Ba’+Ca+ &e.,

JS(@)=Pa’+Qa'4+Ra" -+ &ec.
AP.A0?+AQ.A0'+BP. A0+ &ec.,

continued till the terms vanish, by reason of the peculiar properties of the numbers
A“0” &c., will be abbreviatively represented by

F(A)£(0);
and the following properties of the differences in question will be either found demon-
strated in the works above cited, or may very easily be derived from the formulee
therein given :—

and by f(x) any other as

the series

(HAFO =V . . o )
(I AFFA)=F(A) @40’ . . o o v o L (2)
(L+AYF(AL(O)=F(A(@40) . . « o o v v v v (3)
(14 A)F(0)=f(x) @)
{log A+ A)FFA)=y.y—1....y—a+1.FAO**. . . . . . . . (5)
{kg(b+AnﬂNAyun=F@M<%>fw).. ()

* A separate edition of this collection (now out of print) is in preparation.
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(3.) Furthermore, if we observe that
I—(1+Ap*={1—(1+AP}+(14+ AP {1- 1+ A),
we shall have, by applying each of these operative symbols to F(A)£(0),
{(1=Q14+Ay"}F(A)f(0)={1—1+Ay}F(A)f(0)+{1—(1+A)}F(A)f(p+0); (7.)

and therefore

{1=(1+AyIF(A)f(g+0)—{1—(1+A)}F(A)f(p+0)={(1+ Ay —(1+A)} F(A)£(0); (8.)

(4.) In the particular case where F(A):%, these become

IO B ) I UHAY oy fI=0RAY gy (o)

(1 + A

and
(1 + Ay

O g 0) = T LE R ) U AP B ) (10)

(5.) Demgnatmg by S(2") the sum of the nth powers of the natural numbers from
1 to x inclusive, or putting

S(a")=1"42"+...... a,
it is demonstrated (Examples, § 6. Ex. 23.) that
S(a) = (— 1y A= EA =(=1p {102 DA D ngr g, }
and again, in § 8, Exp. 11 of the same work, that
Say=(+a) L = e L a2

(6.) Furthermore, it will be necessary to recall in what follows, the notation and
conventions of ‘circulating functions,” as explained in my paper on that subject,
published in the Philosophical Transactions for 1818, vol. cviii. p. 144. Denoting
by s, the sum of the xth powers of the sth roots of unity divided by s, or the function

1 y &2 X
S@ Bty +&e),
where e, 3, ¥, &c. are those roots, any function of the form
A,z'Sa:+Br Sp1 + s 'Nz's.z‘—s-bl

will circulate in its successive values as x increases by units from 0: being expressed

by A, when x is a multiple of s; by B,, when #—1 is such a multiple, and so on. If

A,, B,, &c. be simply constant, the function may be termed a periodic one, since it
assumes in periodic and constantly recurring succession the values A, B, C....N, A, B,
&c. ad infinitum. If s be a specified number, as 2, 3, &c., we shall not the less use

. . oo 1 1
the notations 2,, 3,, &c. to express the respective quantities 3@ +p), 3(e"+B"+7),

&c., where a, 3, &c. are the corresponding roots of unity. And we shall accordingly

(11.)
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have the following general relations, in which P, and Q, denote any circulating func-
tions, such that

P,=a,.s,+b,.s,_,+Fc,.5,_.+ &c...,

Q,=A,.s,+B,.s,_,+C,s,_.,+&e.
S, Q)=f(a,, A).s,+f(bs, B,) s,y +&e, o o oo o0 (13)
of which, particular cases are ‘

FPY =) 5Af () e b fe) Seat &ee o o . . L. (14)
Pi=a".s,4b"%, 8yt & . . . . . . . . . (15)
Qr=Q 5, + Q%+ Q" s, s+ &e. . . . . . . . . (16)
P.Q.=a,.A,.s,+b,B,.s,_,+&c. . . . . . . . . . (17)

(7.) As special relations to which we shall refer, we have

R S TS SUURUR Seen=L, . . . . . . . . . . (18)
and since also {y being any other index)
t,+t, ...t =1

Therefore, multiplying and denoting by S the sum of all terms so originating,
S{s,-t,;3=1, . . . . . . . . . . ... (19)

i having all values from i=0 to i=s—1, and j all values from j=0 to j=¢—1. And
the same holds good for any number of indices z, y, =, &c.

(8.) If n and s be prime to one another, we shall also have
N0, Nyt M s=1. . . o o oo (20))

For if the series of numbers 0, s, 2s, .... (R—1)s be divided by =, they will leave s
remainders, all different, and all less than n, so that among them will be found,
though not in the same order, all the numbers 0, 1, 2, .... (n—1), whence, since

n’x—i - nw-—nm—-i)

the truth of the equation (20.) is apparent.
(9.) If » be a multiple of s, or n=t¢s, then

Ry, AN, ot My =S, o . . . o . o . . . (21)
But if » and s have a common measure v, so that n=¢v, s=¢qv, then

Ryb My b oo My s =Ve . o e o oo oo (22)
Thus, for example,
6w+6z—~2+6x—4:2x; 6m+6x—3=3x
15,415, 5+ ....15, 5, =3,.

(10.) To find the product or other functional combination of circulating or periodic
functions having different periods of circulation, they must be reduced to a common
period. 'Thus, if m represent the product of s and ¢ divided by their greatest com-

MDCCCL. 3F
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mon measure, and the functions to be combined be
P,=a,.s,+4b,.5,,+} &c.
Q,=A,.t,+B,.t,_,+ &c.,
we have by equation (22.),
P,=a,.m,+b,. m,_,+.... +a,.m,_+b,.m,_,_,+... &c.
Q,=A, m,~+B,.m,_+....+A,.m,_+B,.m,_;_,+.... &c.,
and consequently
S{Po Q.}=fa A} om+f{b, B,ym,_,+ &e.....
For example,
(@.2,40b.2,_))(A.3,+B.3,_,+C.3,_,)=aA .6,+bB.6,_ ,+aC.6,_,+bA.6,_,+aB.6, ,+4bC.6,_,.
(11.) The readiest way in practice and the surest way to avoid mistakes, which in
complex cases are very likely to occur, is to proceed by a much easier process, as
in the following example. Suppose we would express the product of the three
periodic functions
P,=2,+2.2, , Q=3,+2.3, ,+3.3,,, R,=4,+2.4, ,+3.4, ,+4.4, ,,
the product of 2, 3, 4 divided by the greatest common measure of 2 and 4 is 12,

which will therefore be the period of the product. Write then the several coefficients
in order as follows: for

P, 1,2;1,2;1, 251, 2;1, 2;1, 2; &c.

Q 1,2, 3;1, 2 3;1, 2, 3;1, 2, 3; &c.

R, 1,2, 3, 4;1, 2, 3, 4;1, 2, 3, 4; &ec.
1,8, 9, 8, 2,12, 3,16, 3, 4, 6,24,

and we shall have for the product
12,48.12,_,+9.12, ,+8.12, ,+2.12,_,+........ 24.12, ...

If the signs of the coeflicients, or any of them, differ, they must be of course annexed
to each, and the proper sign affixed to each product.

(12.) If we denote by % the integer part of the quotient of any number « divided

by another s, then, universally,

x x z—1 r—s+1
§='§.S‘,+'—S—Sw_l+...“T*Sm_s+1; e e e e e e e e e e (23)

1 —
=§-—-;{O.s,,+ 1os, 2.5y 5= T8, |
J
and therefore the remainder, in the same division, is expressed by

x—-s.%:O.s,,—l—l.sw_,+2.sw_2+....s—l.s,,_m. B .2

(18.) If, again, we would express the integer part of the quotient in the division of
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% by a second integer division ¢, we have, putting y for 5:7,
y
~7=?i_—{o t41.t _1+...(t—l).t_,,_,+,}
X
=s_t_§i‘{0'8”+l SpF o (s—1)s _s+,}

—%{o.tﬂ—l.ty_l-]- ...... (t—-l).t_m};. N ¢ )

and so on as far as we please.

(14.) The periodic function 0.£,41.¢,_,+ &ec. depends implicitly on x, because y is
dependent on x. Its value however (as well as that of any other implicit periodical
function) is very easily obtained by following out the process explained in (art. 11).
Suppose, for example, we had the more general periodic function of v,

g=a.l,+b.t, +....h.t ..
Then we may write down the successive values of x, y, ¢, in order thus:
x  0,1,2,...(s—1); s, 8+, ... 2s—1); 25, ...... 5 18, ...
y 0,0,0,... 0; 1, 1, ... 1;2,..... S 2
q, a,aa,.. a; b, b, .... bic,.... AN

Thus we see that ¢, is a periodical function of x, having for its period st instead of
either s or ¢ separately, the first s coefficients being all alike and each =a, the next
s all alike and each =4, and so on; or

qy‘:a{ (St)w_i_ "’(St)m—s+l} +b{ (St)m—s-l_ """" (_St)x—2s+l} + """ +h’{('§t)r ts+s (St)r—ts+l}

(15.) Hence we are enabled to express the value of £ Z explicitly as a periodic func-
tion of x; for by equation (25.), if we put st=n,

R (ORE ra—, s-—-l.s.v_m}
1 , —_ 1
— 0ty s T2y

But by equation (21.) we have
Sz =nw+nw—s+nx—2s+"'nw—m+s

Spry =Ny 1, ... My psis—15 XC. 3
and by the equation (26.) of the foregoing article,
by =N Ny My
y— =nz~s+nw—s—l+ oo My9511
by o =My Ny oo ey g, &CL;
and consequently by substitution,

-‘;:%——{On-l—l M+ 2.0, o+ ... n—-l.n,_,,m}. coe e (27D
3F2

(

9

6.)
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(16.) These relations premgised, let it be required to express the sum of x terms of
the series

0(a40)+p(a+28)+......p(a+b)=S,.

Developing the several terms, we find

S,=0¢(a){141+4..... & terms}
+%.¢'(a){l+2+3+ e}

b2
i ({1 +24+3+...2% + &e.

Substituting then for the series of powers of 1, 2, 3, &c. their values as given by
equation (11.), and separating the symbols of operation from that of quantity, we get

8= =000 ¢(0) 1.0+ ¢'(0) g 0= } =2 00 0). (a8

(17.) If we use in like manner equation (12.), it gives

ﬁé)~——<D( +b. O)—(1+A) cp( at+b4+6.0), . . . (29.)

by employing the transformation of equation (8.), in which z=1, f(0)=p(a-+5.0).
Hence also, if

S,=(1+4)

S.=¢p(a)+e(a+b)+....0(a+z—1.5),
we find in like manner

=T b0, L L (30)

(18.) Let it next be required to find the sum of the series
S,=¢(a+b)+o(a+2b)+ ....0(a+yb)

to y terms, where y:% the integer part of the quotient of an independent index

S,=

number «, divided by any given number s. By equation (28.) we have
(1 +A)-

Sy'—‘ @(a_b 0).
Now since
—s+1
?/—— S—1+ z—-1+ ---- z : S.r—-s+1
-———- {O S+1.8.F .. (s—l).s%m}.
If we put

p:—%; g=- {0 s+1.5,_,+ &e. }
we get by equation (9.),

8, = __,_Q_ﬂ_. o(a—b. O)+1———(—l:‘i—gb(a—pb b.0).
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Now the first portion of this, since p=—'§, is explicit in terms of x, but the other
requires further development, for which we must have recourse to equation (16.),

putting Q,=(1+A) and Pm=q=~i;(0.s,,+] 8,1+ &ec.), where we find

A+A)Y=(14+A) s, +(1+A) s, +(14+A) s, o+ &e.
But we also have by equation (18.),
1= S.z’+ S.r—l+ Sx—-2+ &c'

Therefore, subtracting and dividing by A, and applying each term of operation to the
term ¢(a—pb—5.0) of quantity,

=O'Sz+1——(—~:¢(a—pb b.0).s,_, +__)(1+A

¢(a—pb—0b.0).s, .+ &c. . (31.)

(19.) The expression for S, in the last article is general and entirely independent
of any particular values assigned to z, a, b, s, the only relation established being that

expressed by the equation y= % Supposé therefore that in a certain proposed case

we should have
a=x+s—1; b=—s;
and therefore

pb=x; a—pb=s—1,
and the expression for the sum of the series becomes

Sy.—-(1—+—é——j¢(r+s—l+3 0)
+~i+—)~¢>(s-—-l+s 0).8,,
+1—(1___A4£)_7¢(;:_T+lc.0).s,2+&c.;. Coe e (32)

in which expression the first member or non-periodical part is an explicit function of

x and s, and the periodical part has all its coefficients independent on x and tunctlons
of s alone.

(20.) The periodical part of S, is however susceptible of another form, better adapted
for numerical calculation, into which it may be thrown by making p=q=% in equa-
tion (9.), when it becomes

Lo+ ) 108 ) 1 HA)f( +0),

1+A
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in which, for f(0) writing ¢(s—1-s.0), it becomes

(1+A)

R ¢@_1+ 0)=" {M-—L+sm+@®+604

Similarly,

<1+A>

1

1

p(s—1+45.0)=""1LFE s{qs(s_—‘l’+s.0)+¢(s+s.0)+¢>(§¥i‘+s.0)j,

and so on; the general form assumed by our equation (9.), on applying this process,
being

0 =T A0 A+ 0) A2 +0) . +f<rTIT‘-p+0>}- . (33)

Supposing, then, for brevity, we denote the combination — (1A+A) by v, and that we

put
() =0(s—1) 5 Yals)=0(s—1)+0(s) ; bu(s)=0(s—1)+0(s)+o(s+1); &e.,

then we shall have, finally,

1—(1+A)7"

S,=— A {x+s—-wf+s.0}+0.s,+s 1.V (s40.5)

+ 8,0 YLa(s+0.5)
+&e; ... o 0oL (84)

where X represents the non-periodical part, a function of x, and Y the periodical,
whose coefficients are constant.

(21.) For the actual evaluation of these functions, all we have to do is to develope
the operative characteristic in powers of A, and the attached functions in powers of
0, and to apply them term by term to each other. As regards the function X, we
find, by so doing,

, 1z ) z(x +3) ¢(x+s—1)
X*—g{-f.go(x—}—a-—l)—- o5 ap

(2 48)(@+25) ooy (m—l—s . <p"x+s-—)
{ 1.2.3 A0°— 1.2 O}

_{W@Jﬁllﬁﬁfz ogp - HEHN@H) ey HEHD Aoa}ﬂ(%;;w
e 2 1)
in which it will be recollected that
A0=1; A0’=1, A’0*=2; A0’=]1, A0°=6; A0°=6; &c. &c.

(22.) Inlike manner, denoting by «/(s) in general, any of the functions «J,(s), 4,(s),
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&e., we have

1.2s §—
v (s+0.8)=— 1«1«() 12 0."'——1()+(——-~1 55— A0 — 5. AO? “1‘2)
s—1.2s—1.3s—1 ,, . s—1.2s—1 . s—1 @ A0 (s)
"( """"" 1 ’5‘3’1‘”* A0~ “TTQT?T_ $4%0 +1 g20°). 733

—I—&c.}. e s6)
Hence if we put
W) = 08,44 () - SucF D) Sua e er s (S

and denote by ¥'(s), ¥"(s), &c. the differential coeflicients of ¥(s), regarding the
discontinuous functions s,, s,_,, &c. as incapable of differentiation, we shall have, finally,

N S—l (s‘) fs—l 25—1 ,,, s—1 .1 P(s)
Y——“l 1.2 "I‘L 1.2. 3_A0 —1.2°% AO} .2
f‘f‘_f_! ~~~~~~ s—1.23 ans "(s)
- 1.. 1.2.3 AO"‘lo j125
—|—&c.}...................(37.)

(23.) As regards s, in every part of the following investigation it will be regarded
as a mere given integer number, so that the coefficients in s will come to be calculated
in absolute numbers and need give no further concern. It is otherwise with those
in 2, which mix themselves up with the x contained in ¢(x-+s—1) and its differential
coefficients in a way requiring special examination, as functions of an independent

variable. Let us therefore consider the term multiplied by (%)n ¢(x+s—1) in the

development of p(x+s—1—s.0). This term will be expressed in ARBOGAST'S nota-
tion by

Sn n

1.2..

SD"p(e+4s—1),

and the corresponding term in X will be

1+A)

S Drp(ats—1)." 0",

The development of this in factorials z, £-s, x42s, &c., and functions ¢, ¢/, ¢, &c.,
is accomplished in equation (35.), but if we would effect it in powers of x we must
proceed as follows :—

Suppose e=2'7182818, &c. Then we have

2
1—(14+4A)75 . 1— =5 log(1+8)

z_ log(1+4) , 2* {log(1+A)}*? 28 {log(1+A)}3On

=15 a V12 A 0"+1323 A —&e.
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But by equation (5.),

{10g(1+A)}“ Jog(1+4) .,
A

0"={log(14A4)}

=n(n—l) (n— +]) Vs \l T A )On"i,
and therefore the foregoing expression becomes

z log(1+4) . nsa\* log(1+4)  ,  nn—1) o
sTOA 0_—<_>' A 0T ke

or, inverting the order of the terms,

<. [ 1 sa\"! log (14 A4) 00— (* * log (14+4) |
(=1 {n+l<s> a0 —(;) A S

n/z\""! log (1+A) n(n—1) 7a\""* log (1 +A) .
+§<§) TTA =53 <s> a0t &ep
Now if B,, B,, B;, &c. be the numbers of BernouLLr in their order (the even values

B,, B,, &c. being severally =0), we have

log(1+4) = log(14+4) 1 log(l—l—A\ 1
x o=l B =g PR =B =g

and so on. Conscquently

- ZA (- {m( )"“+ <)+2B Ol

n—2

"_ }.......(38.)

the series on the right-hand side being continued to z+41 terms. This is in fact no
other than EuLer’s expression for the sum of the series 1"42"+43"+ &c. to a given

X . . . vl
number of terms represented by -, only that in the case here under consideration 5
may be any fraction, while EvLer’s demonstration of the series in question is essen-
. € .. .
tially confined to = a positive integer.

(24.) If we make x= —1, the foregoing expression becomes

R O ) i ()T B (1Y e

- S
1 1 1 n n(n—1
—Fﬁ{m—éb-l-éBlb?—‘?‘g—)BQés-{— &C} P T (39)

continued to n+4-1 terms, inclusive of the vanishing ones having B,, B,, &c. for co-
efficients.
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(25.) Thus the expression for X becomes

=§.¢(x+s—1)— g Plets=1) . . .o (40)

248 4 3522+ %
+—5 ¢ (e+s—1)

2+ sz

24+ 2528 4 $%2

— e P(@ts—)
6254 152% + 105223 + s*
s P — )= &
Y:—%{‘F(s)—s——zj.'\lf’( )+_*_:g'ii';2 Pi(s )_|_ “3+1\I;m( )+

HEHIOIIEE ) &c.} TR

(26.) We shall now proceed to the more immediate object of this paper, viz. the
expression of the number of ways in which a given number « is susceptible of parti-
tion, the number of parts being given.

Let s be the number of parts into which x is to be divided, and let ‘II(2) represent
the number of s-partitions of which it is susceptible. It is evident then that if
s=1 there is but one possible, so that in all cases 'II(x)=1.

If s=2, the partitions stand thus:

l,z—1; 2,2—2; 3,x-3; ....

. &
whose number is 5 Therefore we have

x 1

2ﬂ(x)=:=§—-2 <2, 1

If s=3, the partitions so grouped as that none shall be twice repeated, will stand
as follows :—

1,1, 2—2 2,2, r—4 3, 3, x—6, &e.
1,2, 2—3 2,3, x—5 &e.
1,3, x—4 &c.

&ec.

The first column will consist of all the possible bipartitions of x— 1, each associated
with 1, and their number is therefore *II(x—1). The second will consist of the
bipartitions of —2, exclusive of (1, x—3), each associated with 2. Their number
therefore will be identical with the total number of bipartitions of «—4, because, so
far as the number of cases is concerned, it matters not whether we consider x—4 as
parted into (1, x—5), (2, x—6), &c., or x—2 as parted into (2, x—4), (3, z—5), &c.,
the reason of which will be obvious on trying any particular case. The number of
terms therefore in the second column will be *II(x—4). In like manner that in the
third will be *II(x—7), the bipartitions of x—3 beginning with (3, x—6), being
MDCCCL. 3 G
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identical in number with those of x—7, beginning with (1, x—8), and so on. Thus

we have
() ="TI(x—1)+TI(x—4)+ 11 (2—7) + &c.

Next, with respect to the number of terms to which the right-hand member of this
equation is to be continued : it will be that of the columns, which will continue without
repetition so long as the number £—2m in the first combination (m, m, r—2m) of
any one of them shall be not less than m, or so long as x—3m shall not be negative.

Hence we must have m= %, since the next greater value of m, viz. m::%-]—l,will give
. o &€ &€ &€ r &€
the tripartition <§ +1, §+1, Jc-—2§-2>. Now « cannot exceed 3.§ by more than

2, so that x-—-2§——-2 cannot exceed %, and muét therefore be less than % +1. Hence
we conclude that the number of tripartitions is derived from that of bipartitions by
the equation '
(x) ="T(x— 1)+ Tl(x—4)+ ... TI(x—7) .... to% terms.
(27.) Applying a similar reasoning to the higher cases, we shall find as follows :—
ﬁ(m) :?ljll(m— l)—i—sfll(x—s— 1)—|—S1:II(:L’—2S—— 1) f terms; . . . . (42)

a relation which, with many others of greater generality, has also been arrived at by
Mr. WaRrBURTON.

(28.) Suppose now we set out from the equation 'IT(x)=1, and proceed to derive from
this value those of *TI(x), *II(x), &c. in succession. It will be apparent from the course
of the foregoing investigations, and from the nature of circulating functions, that the

general expression for II(x) must consist of two portions, the one non-periodical, a
function of x, and which may be represented by ¢(x), the other periodical or circu-
lating, which we may denote by Q,, so that we shall have in general to consider the
s—1
following form of II(x),
§—1
I(2) =¢(2) + Q.
from which to derive the value of II(x).
When we substitute this in the general expression (equation 42.), we get

s

H(x)=p(x—1)+o(x—s—1)4..... (y terms)
+Q. . +Q,__+..... (y terms),
where y= % Now with respect to the first portion of this, if ¢(x) in any one case be

a rational integral function of w, it will be so in all subsequent cases, as is evident

from the course of the preceding investigations. This part of II(x) then has been
already dealt with, and its complete expression is X4Y of equations (34. 35.), or
(38. 39.).
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(29.) We have therefore now only to consider the remaining portions, which we
shall call Z, viz.
72=Q,,+Q,_,.,+....y terms,

Q, may represent any circulating function. Suppose it to be such that
Qx—1=7Co(m) ¢+X1(m) m,_,+..... %m—l(m)-m —m+19

and let any term of this, as x,(2)m,_; (which for brevity we will write simply x(z).m,,

putting x=a—1), be separately considered. Let R be the portion of Z which origi-
nates from this term. Then

R=x(x) . m,+x(x—s).m,_,+x(r—2s).m,_,..... (y terms).
Let ts=n be the first multiple of s, which is also a multiple of m. Then after ¢ terms

the value of m,, m,_,, &c. will recur, and therefore R resolves itself into ¢ separate
series, as follows:

R=m~z{x(x)+x(x—-n) +x(z—2n)+.... (‘11;:-—]+ 1>terms}
+mz__,{x(x-—-s) +x(z—n—s) + .......... (‘Q-/-;—tfa—l»l)terms}

+m,_%{x(x-2s) +x(r—n—2s)+ (‘z:=3+ i)terms }

-+ &ec. (¢ series).
Now we have

y_y, y—1 y—t+1
7-=7ty+"‘z“ty—1+ e ty—t+l’
whence

ot

y—1_ y—1 y—2 y—t, _y
-—t——= 7 ty_l+ 7 ty"2+""Tt-'/_=?_ty;

and similarly,

y—2y2 1

-3
=5 - y—-2+y ly—at ... by = %—' (t,+1,-.),
and so on. But by equatlon (25. ), since st—-n, we have

%—~_ {O n+1.n,_,+2.n, ,+.. m—1, n.p—n+l}

. If therefore we put

1
pz=ﬁ{0.”x+] My tom—1 'n"_"+l}—-l

1
{n ".r+n_l n, -—l+ n—:+l}

x_ x+nx—l+ a—s+l
qx—n.e+n.v—l+ z-—2s+l

‘I:l—”x"l"n e Mgy &e. o
we shall have

1+ =2 (p4q)) s 1+E==t—(p,4q)) 5 &e.,
3G2
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and therefore by equation (27.),

—Lap_ 4!
Rzmz.l_(l +Ag +p’”+q”%(x+n+n.0)

. 1—(1 A —E+P1.+4”$
+m,_, L= EE) J(@+n—s+n.0)

+m,_,,. &c.+ &e.,
which resolves itself, by the transformation of equation (9.), into two sets of terms,
R'4R", viz.

R'=m,. 1_(1+A x(@+n+4n.0)+m, (1~+A v(x4n—s+n.0)4 &e. . . (43.)
and
R”:mz.}—i—;wx(nA—n.O)—{—mz_s.l_(1 +AA)%+Q xx(n—s—l—n.())-}— &e. . . (44.)

(80.) If, in pursuance of the process followed in the development of Y, we put
X(x)=m,.x(x+n)+m,_,.x(x4+n—s)+ &c. (¢ terms),
(denoting also by X,(z), X,(¢) &c., what this expression becomes when for x we put
successively @, x—1, x—2, &c.), we shall have

R=""0F2 7% 4 n.0)
x z(z+n ] z4n)(z+2n) o, @@+n) 5] X'z
i{lX() @10 X! )+{~*—iig(—§t2—)zxo—(1_— AO} T _ge. (45

The whole assemblage of such terms, giving z all its values, from 2 to x—m-1,
therefore will constitute a circulating function explicit in @, and which we shall de-
note by Z'.

As regards R', since s and ¢ are given numerically, it constitutes a periodic function
with constant coefficients, to obtain which we have only to consider that, supposing
any one of the exponents p,-+¢, to be represented by

a.n,+b.n,_,+c.n, ,+ &e.,
we shall have by equation (16. ),

1= (14 A" 1—(14+A) 1-(1 +4)"

e+ &e.

(31.) Inthe particular case in which all the functions y,(z), x,(x), &c. are constant,
we may consider them as being themselves the coeflicients of a periodic function,
such that

2= 20 M X My ot My
so that if we should meet with such expressions as ¥, %.+1, &c., they are to be taken
as equivalent to yx, ¥, &c., a mode of regarding a series of arbitrary constants
occurring in a certain order which will tend greatly to simplify and add clearness to
what follows. Now we have, generally x; being constant,
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Consequently, the terms R; and R; of R,, corresponding to i, in the same way as R’
and R" in general to x, will become

’ &
Ri= {mz+mz—-s+ ---- mz——ts+s} ’;'%i
Ri=— {m 4 mo_ ot} P

_"l‘z{nw"l'n Rt BEERIT n’.r—s+l} < Xi

- mz—s{nw+”w—l+ ""nz—2s+l} B S &C.,

in which it will be recollected that s—=a—1i.

(32.) Now if v be the greatest common measure of m and s (v being 1, if these
numbers be prime to each other), we have

mz+mz~s+ soee mz—-ts—&-s:vzj

and consequently the value of R; or R;4+R, becomes

Ri= (T ) s eI M} 0
=Moo i{ Pt oo Typein } X
— &ec.
(33.) Assembling together similar results for R, R,, .... R,,_,, we have
Z={%y. 0, %1 - VourF-.... Yme1-Cpems1} - <%—-p,,>
=Mt oo oo H M 20 M e Ymer M}

- {nw_l- e -nw—2s+l} {XO-mw-—s +%l My 5 + cee s m—1 Jnm-—-s-}-l}
— Mt s} (X0 M X0 Pmnms oo X Mg }
— &e.

Now because m and s have v for a common measure, and that n=#s is the first
multiple of s, which is also a multiple of m, it follows that n=§.m, -zbeing an integer.
Hence we have by equation (22.),

mm=n3+n.z’—«m+nw——2m' s +n —n+m
m.v——l=n.z’—l+nm—m-—l+ """ n,m——n+m—1
&e.=&e.
Substituting these therefore, and so arranging the terms that », shall always stand
first, the series within the brackets on the right-hand, in the expression for Z, become
respectively
XO'nz-l_XI'nw—-l_l_ """" %n—l'n.z'—n+1
%m—s' n’w+%m—s+l . n’.z*—l + """ %m—s+n-—) 'nx—-n+l

%m—zc'nz+>6m—2s+l My +-'~'%m—2s+n—l'nxen+l’ &.C.,
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which being multiplied by their respective coefficients, n,+n,_,+ &c., we get for Z
as follows :—

A
=ﬁ{%0-vm+%1-vx—1+--"%m—-l-vw—mﬂ} Coe e . . .o (46)

0 {XO'vw+%1 'vw—l_l' oo e Xm=1 'vw—m+l}
— {%o -t M1 F X2 ot .. .. (s terms)}

— {Yomss Ty Yms1 My e (2s terms)}
— { Y25 - Py Nm—ost1 - Pt o eens (3s terms)}
— &ec.

The first line of this is a circulating function, linear in # in all cases except when
v=1, or m and s are prime to each other, in which case it loses its circulating
character and becomes simply

%(xo—l—xl—l—xg—l—...xm_,).. N YD

As regards the second line, we have
_']7 —l{n n +7’l—l n,_ l+ »—n—l—l}a

and since # is a multiple of s, and therefore of v, the multiplier within the brackets is
readily reduced to a periodic function having n for its period, such as a.n,+b6.n,_,+
&c., which, multiplied by —p,, gives

%Ina.nw—{—n— 1 .b.n,_l-}—&c.},

except when v=1, in which case this expression reduces itself to

1
~OatFt ) (AR — L L) L L (48)
(34.) To apply the foregoing formulee to the expression of particular cases as

H(m), H(w), (x), &c., we begin with H(m)—] Therefore, to find ﬁ(x), we have

p@)=1, ¢(x)&e.=0, J(s)=s—1, s=2;
consequently

1 1
X=5; v(s+0.9)=—35; Y=—5.2,,

and therefore
H(m)—(m2“) Ce e e e e e s (19)
(35.) For the case of s=3, we have
p(a)=5; ¢(v)=3;

1 s—1+s
5

WO="3 =1 =g l)=""3""=5: %=1
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and therefore

2
X=g{o(e+n) "5 =5k
For Y we have
W (5)=0.3,41.3,_,+5.3.,

W(5)=0.3,4 5.3, 1 Bus
whence by equation (37.),

1
Y==———1—5{2.6x_1+6.6w_2+2.6,_4-|—6.6,,_5}.
For Z we have

1
Qm=_§-2w—r Qz—1:—~‘)

whence
m=2, s=3, ms=6, v=1, y,= —%a =0
and by (45.), (46), (47.),

Z=—f—2—i—12{6.6z+5.6,,_1+4.6w_2+3.6z_3+2.6z_4-|—1 .GM}
6 6 .
5] 646} 415601+ 6ust 6,
= 5 o] 6o F 2.6, s 3.6, = 2.6, 5.6, )
adding all which parts together, we have X4+Y+Z, or
[1(e) =3{2 = 61— 4.6, 43,6, = 4.6, =6, ) . . . . . (50)
(36.) When s=4, we have, therefore,
' 2> , 2z "
p(r)=15 ¢@)=13 ¢ (ﬁ)—“

and, therefore, by equation (35.),

For Y we have

Wo=tnr=0: w=20=2 we=1
'HL2(S)=S_ +S ?2, ¢2( )____Dig_’g_ i;, ,‘L;’(s)z_l%
'5L3(S)=(S_1) +i92+(s+1) ?(2)’ %()_ +f;+2(s+1) 2, ng(s):%

Y(s =—{0.4z+9.4,_]+25.4,,_,+50.4m_3}
‘If’(s)_m{o 4,46.4, ,+14.4, ,+424. 4,4_}

\F"(S)—_{O 4w+9 4@—1""'4 4@-—-2+6 4* 3}’
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whence by equation (37.),
Y= —%{‘F(s} ()4 (s)}
.—_-—%8{0.4z—|—1.4,,_1+6.4,_2+17.4¢_3}
—_ 144{0 12,43.12,_,418.12, ,4-51.12, ,+0.12,,+3.12, ,+18.12, ,+

+51.12, ,40.12, ,+3.12,_,+18. 1-,_,0+51.12,_1,}.
Lastly, for Z we have

Q, ={—0.6¢—1.6,_1—4.6,_2+3.6 _3—4.6,,~4—1.6¢_5}.

= &l=

2

1

(3}

Q,_1={— 1.6,—0.6,_,—1 .6w_2—4.6¢_3+3.6w_4—4.6,_5}-

consequently
m=6, s=4, v=2, t=3, n=st=12

1 1 4 4
%= ""19> Xa™ =0, %= —79 K= g XeT +12a Xs=""79>

and therefore, by equation (46.), which gives the value of Z in this case, putting Z' for
the first line of Z, Z" for the second and Z'" for the rest,

7= { 1.2, —0 2p1— l.24._2—4.2,_3—1-3.2,_4—4.2,“5}

z
144

4

:m{(—l—l—|—3).2w—|—(0——4—4)-2w_1}

2 @ 9z

144{ 8%—} =144 1ad e
z1'=(2w-8.2w_1).?h{12.12w+11.12m_1+10.12,,_2+ ..... l-l2w_,l},

which, putting for 2, and 2,_, their values

12,412, ,+12, ,.....+12,_,,

12, 412, 4....12,_,,

and
becomes

7= 144{12 12,—88.12, ,410.12, ,—72.12, ,+8.12, ,—56.12, ,46.12, ;,—

—-40.12,_7+4.12w_8—24.12,,_9+2.12,,,0—8.12,,_“};
and lastly,
/'"———{1 12,4-0.12,_,41.12, ,+4.12,_ 3j

+12{1 12,44.12,_,—3.12,_,+4.12, ,+1.12, ,4+0.12, ,+1.12, ,+4. 12x_7}

+121_3 12,4+4.12,,+1.12,,40.12, 4112, ,+4.12, ,—3.12, +4.12,_,

+1.12, ,+0.12,_+1.12,_,,+4. 12,_“}
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12
144

{ 12,48.12, ,—1.12, ,+8.12,_,+2.12,_,+4.12, ,—2.12, (+8.12,_,+
+1.12, ,+0.12, ,+1.12,_,,44. 12%“}.
And assembling these several portions, X+ Y+ (Z'+Z"+Z"), we get

II(2)= m{ P32% — 9x.2,,_1}+1—1—4{0. 12,45.12, ,—20.12,_,—27.12,_,+32.12,_,

—11.12,,_5——36.12,,_6+5.12w_7+16.12,,_8—27.12x_9—4.12m_10—11.12@_1,}. (51.)

(87.) Proceeding now to the case where s=5, we have

2> +32° 32°+6 6246
o) ="51" d@0="5, =", ') =15
whence
+ 42 +7 3(z+4)(z+6 6(z+5 , 6
¢(x+4)=@“1)74(4$—)’ @’(w+4)=_(£__1_i§§.__2’ @"(.Z‘—I—ll)_—'_ ('f44 )’ ¢H(m+4)=m’

and executing the reductions, arising from the substitution of these in equation (35.),

we find
244+ 102°% 41922 — 222

X= 2880

Again for Y we have

$1(8)=0(4) 5 $u(5)=0(4)40(5) 5 +s(5)=0(4)+0¢(5)+¢(6), &c.,

whence
112 312 1126
HL (5) 144 ° HL2(5)—144’ \L3(5)—ma 11b4(5) 144
17 , 321 510
() =155 )= E—Z, U0 =151 YO =1z
108 156

4/’(5) _1411 H '“14/2/(5 144 5 ’HL;I('S) 144 ° "ﬁl’;/(5) 144

" m 12 m "
¥ (5)= A (5)—1445 3(5)—144’ (8)= 144

T
Y(5)= —l— {O 5,+112.5,_,+312.5,_,+636.5,_3+1126.5,_ 4}
1

0.5,4+72.5,,4177.5,_5+321 .5w_3+510.5w_4}

0.5,430.5,_,4+66.5,_,+108.5, ;- 156.5,,_4}

¥(6)—2.¥(6)+¥ ) +5¥6) )

Iy 1
¥(5)=11; 4{0 5.46.5,.1+12.5,_,+18.5, .+ 24.5,..)
{0 5,4+8.5,_,128.5, ,+456.5, 4411 12-5,,4}.

MDCCCL. 3 H
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(38.) For Z we have

9z 1
Q, =_m'2”‘*1+m{0' 12,4+5.12,_,+..... —11. 12,,_“}
Q =-2=Vo [ 11124012, +5.12 —4.12
2—1""" 144 144 * X . -1 . 220" i &—11 (*
It will be convenient to separate this into two parts, viz.
, 9(xz—1)
Qm_1="" 144: '2m7

and

.
Q=yg{— 11124012, e

First, then, for Q,_,, proceeding as in article 30, we have
r=, (1) = — g (r—1) 3 3() =0,
X(®) =2,.2%(x+10) +2,_;x,(x+5)
%~§Z{(m+9).2w+(m+4).2w_l}

, 9 9
X (fC) - “m(2w+2w—l) = _M)

whence Z' consisting now of the single term R/,

Z=— 14%10{"3 +2(9.2,44.2,..) = m+10)}

9
= — 0880{ —2x-+410x. 2}
As regards the other portion of Z, which in this case is R", it has for its expression

1—(14A4) 14+ APt
1442 —4—————(9+10 0)+2,,. m—(~—~zi~-—(4+10.0).

Now, whatever be & and ¢, we have always
L= (0 410.0)= (5 — ) h— 5.

In this, if we write for A successively #'=p,~+¢, and ~'=p,+¢,, and for ¢, 9 and 4, we
find

7= +1—Z71{2,(4h’+5h’2) —2, (k- 511"2)}.
But since #==10 and s=5, we have

M:Tla{o. 10,+ 1.mm_l+2.104._2+3.1om_3+4.1ow-4_5.1om_5—4.10,_5—3.10,4.,7—%.10.,_8—1.10,,_9}

h'=%{0.10z+1.10(@4_1+2.10z_2+ ........................................................................ +9.10‘v_9},

Substituting which in Z" and employing the property of equation (14.) for the com-
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putation of the coeflicients, we find
- {2,{0.10,+9.10,-1+20.10,_2+33.10,_3+48.10,_4—-15.10,_5—16.10,_5-15.10,_7—12.10,_8—-7.10,,9} }
2880 | +2,1{0.10,—1.10,-,40.10,-5+3.10,_3+8.10,_4+15.10,_5+24.10,_6+35.10,_,+48.10,_5+63.10,¢}

_%?@{o 10,— 1.10,_1+20.10,_2+3.10,_3+4s.1o,_4+15.10,_5—16.10,_6+35.1o,_7—12.10,_3+63.10,-9}.

(39.) Finally, we have to consider the portion Z" of Z originating in Q;_,, in which
the values of ¥, x,, &ec. are given by the equation

1
;@:m{-—u .12‘+0.12‘_,+5.12i_2—20.12,._3.......—4.12,._,,},

the coefficients being those of equation (51.) in their order of circulation. We have
also, since in this case m=12, s=5, and therefore prime to each other, v=1, {=12,

n=60. Whence
78

Yo Vet XVecr oo Km—1Y. ~m+1=760+X1+-")Cm-—x="1_42’
and therefore
%6z 26
z=—2 o 2880{60 60545960514 58.605—3+ .cev. 1. 60,,59}
20 v
—2880{ ll.60,,-}-0.60,_1+5.60,_2-20.60,_3——27.60,,_4}
_”_zigo{ 36.60,+5.60,_1+16.6,,_2—27.60,_3—4.60,_4—ll-60x_s+0.60:-s+5-60:—7—-20-60::—8—27-60«:—9}
20 _
—oue{ +.60,—20.60.-,—27.60.-s i e s e~ 216001
0
—2§80{+16 60,—27.60,1—4.60,_5 —2760,_,9}
.____._2220{ 27.60,+32.60,_.—11.60,-2.........................................t....................................—27-601-24}
20 . b}
“§Q§6{ =60, = 1160, 1+ 0.60ums covvveinns s e = 2T 600 |
20

S

11'60#_36'602—1‘*‘5'60@-2 ---n..nu-u..n-.........-.................-..uu-on.....................—27-60,_34

0 601"""‘5 601’—- ""20 60.1'-- -.-...........................--ou-........-..n.........u.......---...........*27.603‘_39

" 2880

—20.605— 27,601+ 32.605-2 .evurerrirreireereerreeriesssessessesseassassasssessaessesresssasssessensse =27 :605gg

20 {+5 B0, 4 16605127+ 6053 1. vvesverreresseseresessesenesuenensessesosssueressssenessenensossresesseeses—27,605-ga
2880{

2880 —27.60,—4.60,1—11.60,5 ..covvriiiiiiininriiiienieiiietie e ...............'......f27.60;_54

e i S SN WA S W

2880{+32 B0, — 1106051366055+ .vnvevereessresrsseserssressssessresssseseeseosssesesssssueseeesenssenses — 276059

5
Assembling, finally, the several portions, X, Y, Z', Z", Z", of which II(z) consists,
and reducing those periodic functions, which have 5 and 10 for their period, to a

period of 60, we see
3H2
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5 1
H(ar):m{x4+ 102° -+ 10m2—30w—90w.2,}

1
+287){0-60m+9-60 -1+104.60,_,—387.60,_,—576.60,_,4905.60,_,

—216.60,_;—351.60,_,—256.60,_,+9.60,_,4360.60,_,,—31.60,_,,
—576.60,_,,+9.60,_,,4104.60,_,,4+225.60,_,,—576.60,_,,4-329.60,_,.
—216.60,_,,—351.60,_,,+320.60,_,,+9.60,_,,—216.60,_,,—31.60,_,,
—576.60,_,,4585.60,_,,+104.60,_,—351.60,_,,—576.60,_,,—+329.60, ,,
+360.60,_5,—351.60,_5,—256.60,_;,49.60,_;—216.60,_,,+545.60,_,,
—576.60,_55+9.60,_5,+104 .60,_,,—351.60,_,,40.60,_,+329.60,_,,
—216.60,_,,—351.60,_,,—256.60,_,,4585.60,_,,—216.60,_;—31.60,_,,
—576.60,_,~+9.60,_,,+680.60,_,,—351.60,_,,—576.60,_,+329.60,_,,
—216.60,_;,+225.60,_;;—256.60,_,+9.60,_,,—216.60,_,,— 31 .60,_59}. .

(40.) The periodic function 0.60,4-....&c. may be somewhat simplified by resolving
it into the sum of three others, having respectively 10, 20 and 30 for their periods.
For on inspecting its coefficients, we find that the differences of any two, distant from
each other by 30, are alternately 4360 and —360. Now if we suppose, generally,

any such function as
a,.60,+4a,.60,_,+&ec.

to be made up of the sum of three others,
Po-30,4+p,.30,_,+&c.
70-20,4+¢,.20,_,+&c.
r,.10,-+4r,.10,_,+&ec.,
we shall have, supposing ¢ any number of the series 0, 1, 2, ... 9,
Pitqitri=a; Pirotinot =i, Prnt it ri=aim
Pt QinotTi= s, Pt @b ri=0iw,  Poset Qi =G
which give the following equations of condition among the coefficients a,
Ugo4i— ;== (Qyo1s— Qro1i) =Tso4i— Ao i
And if these be satisfied (as in this case they are), we have only further to establish
the following relations between p, ¢, r, viz.

pitqtri=a;
Pirro=PitH (s 0=s30) 5 Pirao=PiF (Ais20— ;)
qi+10=qi+(ai+30_ai)'

Among the sixty coefficients therefore which this assumption places at our disposal,

twenty remain arbitrary, and may be put =0.
Suppose, for example,

7:=0, P;12=0,

(52.)
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which give

Pi=C— iy Pivio=(C—Qira0) F (@ir10— isz)

Giv10—= @i 30— Ay T; =01 9.
These being calculated, the function 0.60,4+9.60,_,4&c. reduces itself to the fol-
lowing, which seems the simplest form it admits :

—320{30,—30,_,4+30,_s—30,_,+30,_s—30,_s+30,_,+30,_,,—30,_,,+30,_,;
—Sow—14+30m—16_30z—17+30 —19}
+360{20,_,,+20,_,,+20,_,,+20,_,5+20,_,,+..... 20, 19}
+{320.10,4+9.10,_,—216.10,_,—31.10,_;—576.10,_,4-585.10,_,4104.10,_;
—351.10,_,—576.10,_¢+329.10,,. . . . . . . (53)
(41.) The problem, “In how many ways can a given number be constructed,” is

reduced by the author of a short but interesting paper in the Cambridge Mathema-
tical Journal, iv. p. 87 %, to the integration of the equations of differences

Up,y=Us—y, 2ty and u, ,— U,y ;=W 41,

which last equation corresponds to the case where it is required to find in how many
ways « can be composed of numbers none greater and not all less than y. The ana-
logy of this problem with that here treated is obvious, the function u, , being in effect

identical with that which in the above notation would be expressed by ﬁ(x), Yy corre-
sponding to ours. Accordingly, as far as y=4, to which limit only the inquiry is there
extended, the results are identical (the mode of expression excepted) with those of our
equations (49.), (50.), (561.). The methed there pursued (by the successive integra-
tion of equations of differences) would of course continue to afford similar results, but
without some systematic processes of notation, transformation and reduction, such as
those delivered in the foregoing pages, would speedily become too complicated to be
followed out, though the sort of form which would ultimately be assumed by the result
seems to have been clearly apprehended. Observing that in the cases of y=2, 3, 4,
the results express in fact ¢he nearest integers to certain rational fractions, such as
f—; in the case of y=3, xs——_;—?wg (x even) and 13_;_3;2_9’”
gested that “ probably this simple species of description might be continued.” This,
on examination of the value above given, when y or s=5, appears to be the case, but
for higher values it will be necessary to enlarge the terms of the description, so as
to take in circulating functions of higher orders, and with more complicated coeffi-
cients. To make this apparent, suppose s=6. Then, without going into the whole
calculation (which however would not be materially more complicated than for s=5,
and would lead, as in that case, to a final period of 60, only not reducible to the sum

(x odd) when y=4, it is sug-

* It bears no name, but I have reason to believe it to be the production of Professor DeMorean.
+ Mr. WarBuRToN has also obtained expressions for the number of partitions as far as 4, and his results,
mutatis mutandis, agree with the above.
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of lower periods), it is easy to see, that besides a non-periodic portion of 5 dimensions
in z, and a periodic one with 60 constant coefficients, there will also be a circulating
portion of the form

3,.6,4b,.6,_,+F...[.6,s
whose coeflicients may rise to the second dimension inx. In fact, if we execute the
calculation of this portion by the foregoing processes, we find for the values of the

coefficients
450022+ 157502 . 32092

4,=¢=0; b=d=—""Trng, 5 173800

With regard to the constant coefficients of the periodic portion, it is easy to see,
from the manner of their formation, that they must all fall very far short, in nume-
rical magnitude, of the half of 172800, so that the whole effect of this periodical part
does, in effect, go to adjust the final value to the nearest integer of the rational frac-
tion arising from the assemblage of all the terms in , and a similar reasoning will
apply in all cases.

(42.) The number of partitions of which a given number « is susceptible, admitting
0 into them as a component part, is the sum of the number of 1-partitions, biparti-
tions, tripartitions ....up to s-partitions. It may therefore be found, by adding toge-

ther all the values of II(2), from s=1 to s=s inclusive. But it may also be obtained
by formulee in all respects similar to those above demonstrated; for if we take
IL(x) to represent this species of partition, we have, if s=1, IT,(x)=1 as before. For

s=2 the partitions stand 0,z; 1,2—1; 2, 2—2; ... (§+l)terms, that is,
HQ(m)zl'Il(x)+Hl(x—2)+...<%+1)terms.
Similarly,
IT,(2) =1L (2) 4+ I, (x—3)+.... §+ l)terms,
and so on to
IL,(z)= ,,_,(m)+n_l(m—s)+....(§+1)terms,
of which the formulz of (30.) and (31.), duly applied, give the value

M(e) ="M (ot sobs.0) 4+ = RN (545.0),

where
1( — S
qg= -—-;{s— 1.5, F8—2.8,,+....1 .s,,_m},

which, developed, affords a calculable value of the function in question.

Collingwood, April 17, 1850.



